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Topologically ordered systems exhibit large-scale correlation in their ground states, which may be
characterized by quantities such as topological entanglement entropy. We propose that the concept
of irreducible many-body correlation, the correlation that cannot be implied by all local correla-
tions, may also be used as a signature of topological order. In a topologically ordered system, we
demonstrate that for a part of the system with holes, the reduced density matrix exhibits irreducible
many-body correlation which becomes reducible when the holes are removed. The appearance of
these irreducible correlations then represents a key feature of topological phase. We analyze the
many-body correlation structures in the ground state of the toric code model in an external mag-
netic field, and show that the topological phase transition is signaled by the irreducible many-body
correlations.
PACS numbers: 03.65.Ud, 03.67.Mn, 71.10.Pm, 73.43.Nq
Topologically ordered phase may not be characterized
by any local order parameter associated with Laudau’s
symmetry breaking picture [1]. How to characterize this
type of exotic phase is one of the biggest challenges in
modern condensed matter physics. These topological
phases may be characterized by many distinguished fea-
tures, including that: the degeneracy of ground states
depends on the topology of the manifold that supports
the system; the existence of anyonic elementary excita-
tions; the existence of edge states on the open boundaries.
Moreover, all these properties characterizing topological
phase must be stable against local perturbations, mak-
ing topologically ordered systems promising candidates
for fault-tolerant quantum computing [2, 3].
The topological entanglement entropy is firstly pro-
posed to characterize the ground state with topolog-
ical order by Kitaev-Preskill [4] and Levin-Wen [5],
which builds a nontrivial connection between many-body
physics and quantum information. The underlying pic-
ture of the topological entanglement entropy is to ‘re-
trieve’ a many-body correlation which cannot be built up
from its parts. In general, calculating with large enough
parts of the system, the entanglement entropy is success-
fully used to identify topological order in several micro-
scopic models [6–8].
In this letter, we provide a novel perspective to sig-
nal this many-body correlation in topologically ordered
ground states, building on the concept of irreducible
many-body correlations [9, 10]. This approach intu-
itively sounds as irreducible r-body correlation is noth-
ing but the correlation that cannot be build up from any
≤ (r − 1)-body correlations [9, 10]. In a topologically
ordered system, we demonstrate that for a region of the
lattice with holes, the reduced density operator exhibits
irreducible many-body correlations.
To be more precise, for an n-body quantum state and
any r ≤ n, the irreducible r-party correlation (or irre-
ducible correlation of order r) characterizes how much
information contained in the r-particle reduced density
matrices (r-RDMs) but not in the (r − 1)-RDMs. For a
state σ, denote C(r)(σ) its r-party irreducible correlation.
The total correlation is then the information contained
in the state beyond that in the 1-RDMs. In this sense
the irreducible r-party correlations provide a natural hi-
erarchy of correlations in the system – the sum of all the
irreducible r-party correlations equals the total correla-
tion [10].
Throughout the paper we consider lattice spin mod-
els. For any regions A,B of the lattice, with B ⊂ A, one
naturally expects that there are more correlations in A
than those in B, as all the particles in A are contained
in B. This is in general also the case for irreducible cor-
relations. However counter-intuitively, in topologically
ordered systems, one could have
C(r)(ρA) < C(r)(ρB), (1)
where ρA (ρB) is the reduced state of the region A
(B). The extreme case could be that C(r)(ρA) = 0 but
C(r)(ρB) > 0. This may happen when B and A have dif-
ferent topology (e. g. A \ B is a hole). In this case the
r-party correlation in ρB must become reducible, i.e. the
information in the r-RDMs of the region B is contained
in the information of the r′-RDMs of the region A \ B,
with r′ < r.
It turns out that the appearance of these irreducible
many-body correlations in a region with holes, or the va-
lidity of Eq.(1), represents a key feature of topologically
ordered systems. We will analyze these irreducible many-
body correlation structures in the ground state of the
toric code model in an external magnetic field. In addi-
tion to demonstrate the appearance of these irreducible
correlations and the nontrivial phenomena of Eq.(1) in
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2these systems, we show that the topological phase tran-
sition is also identified by the creation of these irreducible
many-body correlations.
The Toric code mode– We start with the toric code
model [2], which is a spin-12 model on an L × L square
lattice, with every edge representing a spin, hence there
are total n = 2L2 spins. The Hamiltonian is
Htor = −
∑
s
As −
∑
p
Bp, (2)
where s runs over all vertices (stars) and p runs over all
faces (plaquettes). The star operator As =
∏
j∈∂s σ
x
j ,
where ∂s is the set of edges surrounding the vertex s.
The plaquette operator Bp =
∏
j∈∂p σ
z
j , where ∂p is the
set of edges surrounding the face p. In the above formula,
the operators σxj and σzj are Pauli operators of the j-th
spin.
p
s
Cph
Cpv Csv
Csh
Figure 1: The toric code model. A blue rectangle
denotes σz, and a red cross denotes σx. The plaquette
operator Bp and the star operator As are demonstrated.
The logic operators for the ground state space σxI , σ
z
I ,
σxII , σ
z
II are associated with Csh, Cpv, Cph, Cpv
respectively.
When the periodic boundary condition is considered
(i.e., a torus), the model shows typical features of topo-
logical order such as ground state degeneracy. And
the degenerate ground state space is a quantum error-
correcting code with macroscopic distance (i.e. the dis-
tance grows with system size). As the star and plaquette
operators commute the ground state space is given by
the stabilizer formalism of quantum code
As|G〉 = |G〉, Bp|G〉 = |G〉. (3)
Furthermore, we have
∏
sAs = 1 and
∏
pBp = 1 for
any closed surface, which implies that there exist one de-
pendent star operator and one dependent plaquette oper-
ator. The subspace of the ground states is characterized
by the two sets of logical operators,
σxI =
∏
j∈Csh
σxj , σ
z
I =
∏
j∈Cpv
σzj , (4)
σxII =
∏
j∈Csv
σxj , σ
z
II =
∏
j∈Cph
σzj , (5)
hence the ground state degeneracy is 4.
Irreducible many-body correlations in toric code model
– We start from considering the irreducible correlation
for any ground state |G〉 of the toric code model. Re-
call that for any n-qubit state σ, the irreducible corre-
lation C(r)(σ) = S(σ˜(r−1)) − S(σ˜(r)), where σ˜(r) is the
n-qubit state with maximum entropy, which has the same
r-RDMs as those of σ, and S is the von Neumann entropy.
And the total correlation CT (σ) =
∑n
r=2 C
(r)(σ) =∑n
i=1 S(σi) − S(σ), where σi is 1-RDM of the ith par-
ticle.
Since the 1-RDMS of |G〉 are maximally mixed, the
total correlation of |G〉 is CT (|G〉) = 2L2. Furthermore,
for any 4 ≤ r ≤ L, the maximally mixed state ρM sup-
ported on the ground-state space has the maximum en-
tropy among all states with the same r-RDMs as those
of |G〉. Therefore we have
C(4)(|G〉) = L2 − 2, (6)
C(≥L)(|G〉) =
∑
i≥L
C(i)(|G〉) = 2, (7)
and the irreducible correlations of all the other orders
are 0. This implies that there are 2 bits of irreducible
correlations of macroscopic order in any ground state of
toric code model on a torus.
Notice that ρM itself contains and only contains irre-
ducible correlations of order 4, in contrast to that |G〉 has
irreducible correlations of macroscopic order. Also the
thermal state at temperature T given by ρ(T ) = e
−βH
Tre−βH
(with ρ(0) = ρM ) also only contains irreducible cor-
relations of order 4, according to the continuity argu-
ment [10]. In general, for a system with m-body Hamil-
tonian, its thermal state will contain irreducible correla-
tions no more than order m [11].
If any of the ground state can show irreducible cor-
relations higher than order m, then the ground states
must be degenerate. And as mentioned above, topolog-
ically ordered ground states exhibit irreducible correla-
tions of macroscopic order. This then raise an interesting
question: where do these macroscopic correlations come
from? To answer this question, we examine in detail the
correlations in the local reduced states of the system.
Notice that when r ≤ L, any r-RDM of |G〉 for a region
of the lattice without a hole is independent of the choice
of the ground states. Furthermore, any such r-RDM has
only irreducible correlations of order 4. As illustrated in
Fig.2, this then implies
CT (ρR1∪R2∪R3) = C(4)(ρR1∪R2∪R3), (8)
CT (ρR1∪R2) = C(4)(ρR1∪R2). (9)
Here we use dashed lines to divide the system into seven
parts, denoted as R1, R2, R3, R4, RI5, RII5 , and R6
respectively.
However, if the region contains a hole, then situation
3R1
R2
R3
R4
R4
RII5 R6RI5R6
Figure 2: Reducible and irreducible multiparty
correlations in the toric code model.The system is
divided into seven parts, denoted as space R1, R2, R3,
R4, RI5, RII5 , and R6 by red dashed lines. Two
irreducible multiparty correlations in R2 and R3 are
demonstrated, which also can be regarded as the
reducible multiparty correlations in the joint region of
R1 ∪R2 ∪R3.
could be dramatically different. One can observe that
C(8)(ρR2) = C(14)(ρR2) = 1, (10)
C(26)(ρR3) = C(48)(ρR3) = 1. (11)
This implies that the reduced state in a region with a
hole contains 2 bits irreducible correlations of orders pro-
portional to the length of the boundary. When the hole
becomes larger and finally encounters the boundary, the
region splits into two parts, RI5 and RII5 , and 2 bits of
irreducible macroscopic correlations emerge.
Intuitively, these irreducible correlations inR2 are con-
tributed by the correlations in the reduced state of the
hole (R1), which are reduced correlations in the region
with the hole (R1∪R2). In general, for any region B with
holes, the reduced states exhibit irreducible correlation of
macroscopic order, which becomes reducible for the re-
gion A without holes, where B ⊂ A. And the existence
of these irreducible correlations of macroscopic order in
regions with holes is an essential feature of topological
order.
Characterizing topological phase transition – Based
on the discussions above, it is natural to use the irre-
ducible correlations of orders proportional to the bound-
ary length in a region with a holes to signal the topolog-
ically ordered phase. As a typical example, we consider
the toric model in an external magnetic field along the ~n
direction [12], with the Hamiltonian
H = Htor − h
∑
i
~n · ~σi. (12)
Our calculation is based on the numerical exact diago-
nalization method. Our system consists of 24 spins on
a 4 × 3 lattice, and the irreducible 6-particle correlation
C(6)(ρR2) of 6 spins in a region R2 is studied, see Fig. 3.
Here it is worthy noticing that C(6)(ρR2) is not a topo-
logical invariant, but it does reflect the power of creating
higher order correlations from lower order correlations.
R2
Figure 3: The region R2 contains 6 spins labeled by
magenta ⊕ on a 4× 3 lattice.
In the thermodynamic limit, we expect that
C(6)(ρR2) 6= 0 for a topological phase, while it is zero for
a non-topological phase. However, the numerical value
of C(6) might not be correct if calculating with finite size
systems. Nevertheless, even for the system of this small
size, the rate change of C(6) already clearly signals the
phase transition. In this sense we suggest to use the
maximal changing rate of C(6) with respect to h as an
indicator of the phase transition point:
h∗ = argmax
h
dC(6)(ρR2(h))
dh
. (13)
Based on the numerical algorithms proposed in
Refs. [13, 14], we obtain the results of C(6)(ρR2) and
its derivatives, for magnetic field along both the y direc-
tion and the x-direction, as shown in Fig. 4. When the
magnetic field is along the y direction, there is a sharp
transition behavior in C(6)(ρR2) with h, and the phase
transition point is h? = 0.99, which is very close to the
previous result h? = 1 in Refs. [15, 16]. When the mag-
netic field is along the x direction, C(6)(ρR2) shows a
smooth transition behavior, and the transition point is
h? = 0.37, which is close to the previous result h? = 0.34
in Refs. [17, 18].
General correlation structure in topological order – Al-
though we discussed the toric code model, a similar cor-
relation structure should also be valid for topologically
ordered systems in general. In the thermodynamic limit,
the ground states are degenerate and any ground state
exhibits the following correlation structure:
C(r)(|G〉) =

≥ 0 if r ≤ r0,
= 0 if r0 < r < L,
≥ 0 if r ≥ L,
(14)
where r0 is a positive integer independent of the system
size L. Furthermore, the value of irreducible correlations
of macroscopic order C(≥L)(|G〉) is a topological invari-
ant.
In a finite system, the ground state space is gener-
ally unique, which does not exhibit any irreducible cor-
relations of macroscopic order i.e., C(r)(|G〉) = 0 for
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Figure 4: The C(6)(ρR2) and its derivative varies with h
in the case of (a) ~n = ~ey; (b) ~n = ~ex.
r > r0. However, there are always irreducible correla-
tions of higher order in the reduced states of |G〉, which
is manifested in a region with holes, e.g. R3 in Fig. 3,
as the irreducible correlations is of order proportional to
the length of the inner boundary LI . Here we have
C(r)(ρR3) =

≥ 0 if r ≤ r0,
' 0 if r0 < r < LI ,
≥ 0 if r ≥ LI .
(15)
When the regionR3 is large enough (typically larger than
the correlation length), it then contains the irreducible
correlations C(≥LI)(ρR3) = C(≥L))(|G〉), as it is in the
thermodynamic limit. C(≥L))(ρR3) therefore is the same
topological invariant as C(≥L)(|G〉).
The relation with topological entanglement entropy–
The construction of topological entanglement entropy by
Levin-Wen [5], denoted by ELW may be regarded as an
approximation for obtaining the irreducible correlations
of macroscopic order in a large enough region with a hole,
e.g. the region R3. To calculate ELW , they divided the
region into three parts A, B, and C as demonstrated in
Fig. 5, where A and C are far apart so they there should
be no correlation between them. It is worthy to point
out that here A, B, C are taken as parties but not every
single spin as before.
The Levin-Wen topological entropy is then given by the
A C
B
B
Figure 5: A region with a hole (e.g. R3) is divided into
three parts A,B,C in the scheme of Levin-Wen
topological entropy.
total correlation CT (ρABC) = S(ρA) + S(ρB) + S(ρC)−
S(ρABC) minus the biparty correlations CT (ρAB) and
CT (ρBC). For the correlation structure as shown in
Eq. (15), it is reasonable to believe that only the irre-
ducible correlation C(≥LI)(ρR3) contributes to the three-
party correlation among parties A, B, and C. In fact, one
can show that the irreducible three-party correlation is
upper bounded by such type of topological entropy, i.e.
C(3)(ρABC) ≤ ELW (ρABC). The proof of the inequality
and the equality condition are given in the supplementary
material.
The topological entanglement entropy proposed by
Kitaev-Preskill [4], denoted by EKP , is defined from the
von Neumann entropy of a region without a hole, e.g.
the region R2 ∪ R1 in Fig. 3. The correlation between
R2∪R1 andR3∪R4 comes from the dependence between
R2 and R3 [19], which implies the area law. Notice that
for the topological phase, the irreducible correlations of
macroscopic order in the region R2 will decrease the cor-
relations between R2 and R3, thus decreases the entan-
glement entropy compared to the area law, which then
gives the topological entanglement entropy.
Summary – In sum, we use the concept of irreducible
many-body correlations to analyze the correlation struc-
ture in the ground states of the toric code model in an
external magnetic field. The appearance of irreducible
correlations of macroscopic order in a region with holes
represents an essential feature of topological order. We
also demonstrate that the power to create irreducible cor-
relations of higher orders for a region B with holes, from
irreducible correlations of lower order for a region A ⊃ B,
signals the topological transition phase transition. Our
calculation uses a relatively small system, which clearly
indicates the transition. Our concept has intimate rela-
tions with the idea of topologically entanglement entropy
and may be applied to study other systems with topolog-
ically order, by calculation with relatively small system
size. Our work may shed light on a better understand-
ing of the general many-body correlation structure of a
quantum state in topologically ordered phase.
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APPENDIX
Numerical results between irreducible correlations
and topological entanglement entropy
Here we will give more numerical examples to demon-
strate the features of the irreducible many-body corre-
lations in ground states with topological order, and also
compare them with the corresponding numerical results
of the topological entanglement entropy.
First, we consider the toric code model on a 3 × 4
square lattice with periodic condition (24 spins) with the
external magnetic field in the x−z plane. The numerical
results of C(6)(ρ[6]) for different magnetic field is shown in
Fig.6. With the increasing of the external field, C(6)(ρ[6])
decreases from 1 to 0 with a transition. The transition
line is also determined by Eq. (13) and labeled by the
black lines in Fig. 6. The phase diagram is similar with
the previous one in Ref. [17].
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Figure 6: C(6)(ρ[6]) vs. external fields in x and z
direction.
Second, we study how the size of the lattice affect our
results of C(6)(ρ[6]). The numerical results of C(6)(ρ[6])
for the square lattices (2×3, 2×4, 3×3, and 3×4) with
the magnetic field along the y direction or the x direction
are demonstrated in Fig. 7 and Fig. 8.
In Fig. 7, there is a peak near the transition point
hy = 1 for different lattice size in the variant rate of
C(6)(ρ[6]). When the lattice size becomes 3×4, the tran-
sition becomes very shap, which clearly identify the topo-
logical transition.
In Fig. 8, there is a peak near the transition point in the
variant rate of C(6)(ρ[6]). When the system size becomes
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Figure 7: C(6)(ρ[6]) and its derivative in the magnetic
field hy.
larger, the peak becomes sharper, which also identify the
correct transition point.
To compare our measure with enatnglement of topolog-
ical entropy, we obtain the numerical results of ELW(ρ[6])
in the above two cases, which are shown in Fig. 9 and
Fig. 10. When the magnetic field is along the y direction,
we observe that ELW shows almost the same behavior as
C(6), which is consistent with the argument we present in
the article. However, when the magnetic field is along the
x direction, the behaviors between ELW and C(6) show
obvious differences, particularly in the smaller size of the
system. The relation between these two quantities will
be studied further in the next section.
When will irreducible correlation coincide with
topological entropy
The numerical results demonstrated above implies that
in many cases the irreducible multiparty correlation and
the topological entanglement entropy proposed by Levin-
Wen are very similar, which motivates us to ask when
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Figure 8: C(6)(ρ[6]) and its derivative in the magnetic
field hx.
will the irreducible correlations coincide with topological
entropy.
Let ρABC be a tripartite state of systems A,B,C. De-
fine the irreducible correlation of ρABC (given ρAB , ρBC)
as
EIC(ρABC) = max{S(σABC) | σAB = ρAB , σBC = ρBC}
−S(ρABC).
The Levin-Wen topological entropy of ρ is
ELW(ρABC) = S(ρAB) + S(ρBC)− S(ρB)− S(ρABC).
First, we prove that EIC(ρABC) is upper bounded by
ELW(ρABC). Consider the strong subadditivity for the
maximum entropy state ˜ρABC , we have
S(ρ˜AB) + S(ρ˜BC)− S(ρ˜ABC)− S(ρ˜B) ≥ 0.
This reduces to
S(ρ˜ABC) ≤ S(ρAB) + S(ρBC)− S(ρB),
0 0.5 1 1.5 2
0
0.2
0.4
0.6
0.8
1
hy
E
LW
2× 3
2× 4
3× 3
3× 4
(a)
0 0.5 1 1.5 2
0
10
20
hy
d
E
L
W
d
h
y
2× 3
2× 4
3× 3
3× 4
(b)
Figure 9: ELW(ρ[6]) and its derivative in the magnetic
field hy.
which is exactly
EIC(ρABC) ≤ ELW(ρABC).
From the above discussion we know that the two quan-
tities coincide if and only if the equality condition for
strong subadditivity holds for the maximum entropy
state ρ˜ABC .
Following Theorem 3 from Ref. [20], we know that this
happens when the state is a quantum Markov state. In
particular, the Eq. (11) of that reference states that this
happens when
ρ˜ABC = (id⊗ Rˆ)ρAB .
More explicitly, this means that
ρ˜ABC = (IA⊗ρ1/2BC)
[
(IA⊗ρ−1/2B )ρAB(IA⊗ρ−1/2B )⊗IC
]
(IA⊗ρ1/2BC).
One can verify that the right hand side is indeed a quan-
tum state whose reduced density matrix on BC is exactly
ρBC . But it is not always the case that the reduced den-
sity matrix on AB is also ρAB . In fact, the following
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Figure 10: ELW(ρ[6]) and its derivative in the magnetic
field hx.
condition is necessary and sufficient for the equality of
EIC and ELW:
ρ˜AB = ρAB .
Notice that
C(3)(ρABC) = max{S(σABC) | σAB = ρAB , σBC = ρBC ,
σAC = ρAC} − S(ρABC).
Therefore we have
C(3)(ρABC) ≤ EIC(ρABC) ≤ ELW(ρABC).
The condition for C(3)(ρABC) = ELW(ρABC) is
ρ˜AB = ρAB , ρ˜AC = ρAC .
In Corollary 7 of Ref. [20], it is mentioned that a nec-
essary condition is that ρAC is separable, i.e., ρAC =
ρA⊗ ρC . But generally the product form may be neither
sufficient nor necessary.
Notice that the above discussion is valid for all the
three-party states of finite dimension. It is certainly cor-
rect to the configuration in Fig. 5 for the Levin-Wen
topological entropy.
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